Abstract. If two different metrics on a closed three-manifold have the same geodesics, then the manifold is homeomorphic to a lens space or to a Seifert manifold with zero Euler number.
Introduction Definition Let g be a Riemannian metric on a manifold M n , n ≥ 2. A Riemannian metricḡ on M n is called geodesically equivalent to g, if any geodesic ofḡ, considered as unparameterized curve, is a geodesic of g.
For example, the proportional metrics g and C · g, where C is a non-zero constant, are geodesically equivalent. Note that if the metrics are conformally equivalent and geodesically equivalent, then the conformal coefficient is constant so that they are proportional [4] .
Theorem 1. A closed connected three-dimensional manifold admits nonproportional geodesically equivalent Riemannian metrics if and only if it is homeomorphic either to a lens space or to a Seifert manifold with zero Euler number.
A two-dimensional analogue of Theorem 1 is:
Theorem 2 (Matveev, Topalov [9]). A closed surface admits nonproportional geodesically equivalent Riemannian metrics if and only if its Euler characteristic is non-negative.
Theorems 1 and 2 tell us that the existence of nonproportional geodesically equivalent metrics yields simple topological restrictions on M n , n = 2, 3. For dimensions greater than three, such restrictions are expected to be sufficiently more complicated. One can show that every finitely-presented group can be realized as the fundamental group of a closed manifold admitting nonproportional geodesically equivalent metrics. The latter is not true, if we assume in addition that there exists a point where the eigenvalues of one metric with respect to the other are all different.
Theorem 3 (Matveev, Topalov We will neither prove nor explain this theorem in the present paper. A proof will appear elsewhere, in a joint paper with Topalov.
1.1. History. Beltrami [1] was the first to observe that two different metrics can have the same geodesics. At the end of his paper [1] , he formulated the problem of describing all geodesically equivalent metrics on surfaces. It is not clear from the text whether he assumed the local or the global description; actually, his motivation came from a certain problem of cartography which requires a global setting. Nevertheless, since Dini [3] , Levi-Civita [6] , Weyl [16] , E. Cartan [2] and Eisenhart [4] , the theory of geodesically equivalent metrics was mostly a local geometry.
Global aspects of geodesic equivalence have been intensively studied in 50th and later. But, probably because of the influence of earlier researchers, all known global results require additional strong geometrical assumptions. Roughly speaking, one takes some geometric condition written in tensor form (i.e., the metric is assumed to be Kählerian or semisymmetric or generally semisymmetric or T-generalized semisymmetric or Einsteinian or of constant curvature or locallyproduct or almost Hermitian or Ricci-flat or recurrent or admitting a concircular vector field or admitting a torse-forming vector field), combines it with a tensor reformulation of geodesic equivalence and deduces new tensor objects with global geometric properties, see the survey paper [12] .
Integrability of geodesic flows for geodesically equivalent metrics
Let g = (g ij ) andḡ = (ḡ ij ) be Riemannian metrics on M n . Consider the (1,1)-tensor L given by the formula
Then, L determines the family S t , t ∈ R, of (1,1)-tensors
Let us identify the tangent and cotangent bundles of M n by g. This identification allows us to transfer the natural Poisson structure from
Theorem 4 ([8, 10] ). If g,ḡ are geodesically equivalent, then, for every t 1 , t 2 ∈ R, the functions
are commuting integrals for the geodesic flow of g.
At every point x ∈ M n , let us denote by
the eigenvalues of L at the point x.
) be a geodesically complete connected Riemannian manifold. Let Riemannian metricḡ on M n be geodesically equivalent to g. Then, for every i ∈ {1, ..., n − 1}, for every x, y ∈ M n , the following holds:
Proof of Corollary 1 for dimension three. Note that the restriction of the integrals I t to the tangent space to x ∈ M 3 depends on the restriction of the metrics to T x M 3 only. On the tangent space to x, we can always find "diagonal" coordinates ξ 1 , ξ 2 , ξ 3 such that in these coordinates g is Euclidean and L is diagonal. Then, the integrals I t (x, ξ) are given by
In order to prove Corollary 1, we need the following simple lemma. For every
Lemma 1 ([11]
). The following holds:
, then, for every τ ∈ R, the Lebesgue measure of the set
The first statement of Corollary 1 follows immediately from the first statement of Lemma 1: Consider a geodesic γ :
By Theorem 4, every root t i is constant on every orbit (γ,γ) of the geodesic flow of g so that (1)) and the first statement of Corollary 1 is proved.
Let us prove the second statement of Corollary 1.
Note that, by the first statement of Corollary 1, τ is a constant (independent of y ∈ V ). Take a point x ∈ M 3 . Let us prove that λ i (x) = λ i+1 (x) = τ. Let us join the point x with every point of V by all possible geodesics. Consider the set V τ ⊂ T x M 3 of the initial velocity vectors (at the point x) of these geodesics.
By the first statement of Lemma 1, for every geodesic γ passing through at least one point of V , the value t i (γ,γ) is equal to τ . Then, by the second statement of Lemma 1, the measure of V τ is zero. Since V lies in the image of the exponential mapping of V τ , the measure of V is also zero. The second statement of Corollary 1 is proved.
Let us prove the third statement of Corollary 1. Let λ i (γ(0)) = λ i+1 (γ(1)) = λ for a certain i ∈ {1, 2} and for some constant λ. We will assume that λ i (γ(0)) < λ i+1 (γ(0)). Let us show that the geodesic γ consists of points where λ i or λ i+1 are equal to λ.
If t i is a multiple root of the polynomial I t (γ(0),γ(0)), then the statement obviously follows from Lemma 1. If λ i−1 (γ(0)) = λ, the statement follows from the first statement of Corollary 1.
Suppose t i is not a multiple root and either i = 1 or
Let us show that the differential dI λ vanishes at every point (γ(τ ),γ(τ )). Evidently, the differential of an integral is preserved by the geodesic flow so that it is sufficient to prove that the differential vanishes at the point (γ(0),γ(0)).
By Lemma 1, we have
Hence, λ is a root of the polynomial I t (γ(0),γ(0)) and I λ (γ(0),γ(0)) = 0. By assumptions, the eigenvalue λ i has multiplicity one in a small neighborhood of γ(0). Then, it is a smooth function on this neighborhood, and the function I λ i (z) (z, ν) is also smooth on the tangent bundle to this neighborhood. Consider the function I λ (z, ν) − I λ i (z) (z, ν). Its differential vanishes at the point (γ(0),γ(0)). More precisely, by assumptions, λ is a simple root of the polynomial I t (γ(0),γ(0)) so that in a neighborhood of the point λ,
is either always non-positive or always non-negative in a small neighborhood of (γ(0),γ(0)). At the point (γ(0),γ(0)),
has a local extremum at (γ(0),γ(0)). Finally, its differential vanishes at the point. The differential of the function I λ i (z) (z, ν) also vanishes at the point (γ(0),γ(0)). More precisely, combining (1) and the first statement of Corollary 1, we obtain that the function I λ i is either always non-positive or always non-negative. But I λ i (γ(0)) (γ(0),γ(0)) is equal to I λ (γ(0),γ(0)) and is zero. Then, the point (γ(0),γ(0)) is an extremum of the function I λ i and, therefore, the differential of I λ i vanishes at the point (γ(0),γ(0)).
Thus the differential of the function I λ vanishes at every point of the curve (γ,γ). Then, the partial derivatives
are equal to zero. Thus λ i = λ or λ i+1 = λ at every point of the geodesic. Finally, there exists a point of the geodesics where λ i = λ i+1 . Corollary 1 is proved.
Ideas and main steps of proof for Theorem 1
By Corollary 1, only the following four cases are possible:
1. There exist τ 1 < τ 2 such that for every
and there exist
The eigenvalue λ 2 is constant, and there exist
3 , at least two eigenvalues of L are equal, and there exists a point where all eigenvalues are equal. 4. There exists τ ∈ R such that either
3. 3 . It appears that it is possible to generalize the methods of [5] to all geodesically equivalent metrics satisfying assumptions of Case 1. As a result, one can prove that the manifold M 3 is homeomorphic to a lens space. Differ from the case of proper Liouville metrics, every lens space possesses nonproportional geodesically equivalent metric. New topological possibilities are closely related to the following two-dimensional observation: Consider a Riemannian metric on a surface such that its geodesic flow is Liouville-integrable, the integral is quadratic in velocities, the integral and the Hamiltonian are proportional at the tangent space to a point x of the surface. Consider the group G of the isometries preserving the point x and the integral. If no non-trivial linear combination of the Hamiltonian and of the integral is the square of a function linear in velocities, then G has maximum two elements. If the integral is a square of a function linear in velocities, then G is infinite and is isomorphic to O(2).
Case 2.
We will prove Theorem 1 modulo the Poincare conjecture only. A proof that does not require the Poincare conjecture is rather lengthy and will appear elsewhere.
First of all, there exists a point of the manifold where λ 1 = λ 2 = λ 3 . Moreover, every geodesic γ such that λ 1 (γ(0)) = λ 2 = λ 3 (γ(1)) > λ 1 (γ(1)) consists of points where λ 1 = λ 2 or λ 2 = λ 3 and, therefore, contains a point where
The proof is similar to the proof of the third statement of Corollary 1, the role of the function I λ plays the function
By Lemma 1 and Theorem 4, λ 2 is a double-root of the polynomial I t (γ,γ). Then, for every point (γ(τ ),γ(τ )) of the geodesic, we have I λ 2 (γ(τ ),γ(τ )) = 0, I λ 2 (γ(τ ),γ(τ )) = 0 and dI λ 2 (γ(τ ),γ(τ )) = 0. Combining these conditions, we obtain that λ 1 (γ(τ )) = λ 2 or λ 3 (γ(τ )) = λ 2 . Thus there exists a point where all eigenvalues of L are equal. Suppose the number of such points is greater than four. Then, every point x of a certain open non-empty subset of the manifold is a transversal intersection of at least three geodesics passing through at least one point where λ 1 = λ 2 = λ 3 . Let us show that this is impossible.
By Lemma 1, the integrals I λ 2 , I λ 2 vanish on every geodesic passing through a point where λ 1 = λ 2 = λ 3 . By Corollary 1, without loss of generality, we can assume that λ 1 (x) < λ 2 (x) < λ 3 (x). Then, the set
is organized in two (intersected at zero) straight lines. Therefore three geodesics passing through points where λ 1 = λ 2 = λ 3 can not be mutually transversal at x. This contradiction proves that the number of the points where λ 1 = λ 2 = λ 3 is not greater than four. Actually, the number of points where λ 1 = λ 2 = λ 3 is always even. More precisely, in view of (1), the integral I λ 2 is (at least locally) the square of an integral, linear in velocities. Evidently, the integral vanishes at the tangent space to a point if and only if λ 1 = λ 2 or λ 2 = λ 3 at the point. Since the zeros of a Killing vector field on a three-manifold are organized into one-dimensional closed submanifolds, the set
is a one-dimensional submanifold. Since it is closed and connected, it is homeomorphic to the circle. The points x such that λ 1 (x) = λ 2 = λ 3 (x) divide this circle into intervals. For every point of each interval, either λ 3 > λ 2 or λ 1 < λ 2 . Consider a point x where λ 1 (x) = λ 2 = λ 3 (x), and two such intervals having x as an endpoint. Clearly, λ 3 > λ 2 on one of this interval and λ 1 < λ 2 on the other. More precisely, take a convex neighborhood U (x) of diameter less than the radius of injectivity, a point y ∈ U such that λ 1 (y) < λ 2 < λ 3 (y), and all geodesics in U connecting all the points of M ∩ U with the point y. Clearly, the velocity vectors at the point y of all these geodesics lie on the plane orthogonal to the eigenvector of L corresponding to λ 1 . Consider the restriction of the function I λ 2 to this plane. Its zeros are organized into two straight lines intersecting at the point (0, 0). The initial velocity vector of the geodesic lying in U (x) and passing through the point x lies on one of this line. The velocity vectors of the geodesics coming from the points of one interval lie from one side of the straight line, the velocity vectors of the geodesics coming from the points of the other interval lie from the other side of the straight line. Evidently, the function I λ 2 is positive from one side of the line and negative from the other. Hence, λ 3 > λ 2 on one of these intervals and λ 1 < λ 2 on the other.
Finally, the number of points where λ 1 = λ 2 = λ 3 is either two or four. Then, the fundamental group of the manifold is either trivial or isomorphic to Z 2 . In the first case, modulo the Poincare conjecture, the manifold is homeomorphic to the sphere. In the second case, modulo the Poincare conjecture and in view of [7] , the manifold is homeomorphic to RP 3 .
Case 3.
We will show that the number of points where λ 1 = λ 2 = λ 3 is no greater than two. Then, modulo the Poincare conjecture and in view of [7] , the manifold is homeomorphic to the sphere or to the projective space. Suppose there exist three points where λ 1 = λ 2 = λ 3 . Without loss of generality, we can assume that at every point of the manifold λ 2 = λ 3 = const. Consider the integral I λ 2 given by (2) . The value of this integral on every geodesic passing through a point where λ 1 = λ 2 = λ 3 is equal to zero. Then, the velocity vectorsγ of such geodesics are eigenvectors of the tensor L with the eigenvalue λ 1 . Then, two such geodesics can not intersect transversally in a regular point, and, therefore, the number of the points where λ 1 = λ 2 = λ 3 is maximum two.
Case 4.
Without loss of generality, we can assume that there exists a constant τ such that λ 1 (x) < τ < λ 2 (x) for every x ∈ M 3 . Consider the (1,1)-
The above condition on the eigenvalues of L insures that the tensor D is welldefined, is self-adjoint with respect to g, and all its eigenvalues are positive. Consider the Riemannian metric h ij
At every point of the manifold, there exist coordinates x 1 , x 2 , x 3 such that the vector
is the eigenvector of L with the eigenvalue λ 1 , and h is given by Indeed, it is sufficient to verify this statement at almost every point of the manifold. By Corollary 1, almost every point has a neighborhood where the number of different eigenvalues of L is constant. In such neighborhoods, the statement follows from the local description of geodesically equivalent metrics given by the classical Levi-Civita theorem [6] , which can be found in most classical textbooks on differential geometry.
In order to construct geodesically equivalent Riemannian metrics on a closed Seifert manifold with zero Euler number, we use the following trivial observation: for every Riemannian manifolds (M 1 , g 1 ) and (M 2 , g 2 ), the metrics g 1 + g 2 and g 1 + 2 · g 2 are geodesically equivalent on the direct product M 1 × M 2 .
It is known [13] , that every closed Seifert manifold with zero Euler number can be constructed by the following procedure. Take a closed surface F 2 , a finite group H acting on F 2 , the group Z p (and its standard action on S 1 generated by φ → φ + 2π p ) and a subgroup G of the group H × Z p such that the natural action of the subgroup G on the product F 2 × S 1 is free. The quotient space is a closed Seifert manifold with zero Euler number, and every closed Seifert manifold with zero Euler number can be obtained using this construction.
Since the group H is finite and, hence, compact, there exists a metric g 2 on F 2 invariant with respect to the action of H. Denote by g 1 the metric dφ 2 on S 1 . The Riemannian metrics g 1 + g 2 and g 1 + 2 · g 2 are invariant modulo the action of the group G and, therefore, induce nonproportional geodesically equivalent metrics on the quotient space.
